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1. Introduction

ABSTRACT

In this paper an initial boundary value problem for a linear equation describing an
axially moving stretched beam will be considered. The velocity of the beam is assumed
to be time varying. Since the order of magnitude of the bending stiffness terms depends
on the vibration modes and the frequencies involved a combination of two simplified
models (that is, a string equation for the lower frequencies and a beam with string effect
equation for the higher frequencies) will be used to describe the transversal vibrations
of the system accurately. Based on the calculations of the natural frequencies the regions
of applicability of these sub-models will be determined. A two time-scales perturbation
method will be used to construct formal asymptotic approximations of the solutions.
Non-resonant and some resonant cases will be studied for four different values of the
relative errors. An important implication of the earlier results in the literature is that for
these types of axially moving continua problems the use of only string-like models is
not appropriate. To describe the dynamics of these types of axially moving continua
problems correctly one has to include (small) bending stiffness in the model. In this
paper it is explicitly shown how to work with a combined model that is a string model
at the low frequencies and a tensioned beam model at the higher frequencies.

© 2009 Published by Elsevier Ltd.

Axially moving systems are present in a vast class of engineering problems which arise in industrial, civil, aerospatial,
mechanical, electronic, medical, and automotive applications. Serpentine belts, aerial cables, tram and train ways, oil
pipelines, magnetic tapes, power transmission belts, band saw blades, chair lifts in skiing resorts, and even models of
human DNA are examples of real objects where axial transport of mass can be associated with transverse vibrations.
Investigating transverse vibrations of a belt system is a challenging subject which has been studied for many years by many
researches and still is of interest today (see the references for a recent overview). In the classical analysis of axially moving
continua the vibrations are usually classified into two types, i.e. whether it is of a string-like type or of a beam-like type,
depending on the bending stiffness of the belt. If the bending stiffness can be neglected then the system is classified as
string (wave)-like, otherwise it is classified as beam-like. The transverse vibrations of a belt system (with time-varying
velocity V(T)) can be modeled mathematically as:
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e string-like by

Urr + 2VUxr 4+ ViUy + (V2 — c2)Uxx =0 (1)
and
e beam-like (with a string effect) by
) 2 El
Un+2VUXT+VTUX+(V —C )UXX +p7UM=O, (2)

where A is the area of the cross-section of the belt, X the coordinate in horizontal direction, U(X, T) the displacement of the
string in vertical direction, L the distance between the pulleys, p the mass density of the belt, E the modulus of elasticity,
I the moment of inertia with respect to the x (horizontal)-axis, T the time, V(T) the time-varying belt speed, and c the wave
speed and where ¢ = /T(/pA, in which T is assumed to be the constant tension of the belt. The time-varying belt velocity
V(T) is given by V(T) = &V + @ sin(@T)), where V,, @, and & are some positive constants with V>0 and V> |&|, and
where ¢ is a small parameter with 0<&< 1. The term & sin(cT)can be seen as a small perturbation of the main belt speed
£V, due to different kinds of imperfections of the belt system. The small parameter ¢ indicates that the belt speed V(T) is
small compared to the wave speed c. The condition V> || guarantees that the belt always moves forward in one direction.

Due to different kinds of imperfections of the belt system such as roll eccentricities and varying belt speed, severe
transversal vibrations (due to internal resonances) can occur. The occurrence of resonances should be prevented since they
can cause operational and maintenance problems including excessive wear of the belt and the support components, and an
increase of energy consumption of the belt system. By knowing the natural frequencies of the belt, the so-called resonance-
free belt system can be designed. Although the nonlinear models can be more informative, and describe the real conveyer
belt systems usually better, it is not meaningless to investigate the linear equations (1) and (2) first.

Eq. (1) with V(T) = &V + @sin(@T)) was studied in Ref. [1]. It was found that there are infinitely many values of @
giving rise to internal resonances in the belt system. It was also shown that the truncation method cannot be applied in
order to obtain asymptotic results on long time-scales (that is, on time-scales of order &~1). Eq. (1) with V(T)=
Vo + &@ sin(@T) was studied in Ref. [2]. It was shown that in this case for a high velocity the truncation method also cannot
be applied. On the other hand, it was also shown in Ref. [3] that for the beam equation (2) the truncation method can be
applied, but the dynamic behavior of the belt system is still very complicated. The stability conditions for the belt system
were also derived in Ref. [3]. From experiments and from the theoretical investigations (see, for example, Ref. [4]) it is
known that the real dynamic behavior of conveyer belt systems with relatively small bending stiffness is some sort of
combination of both models (1)-(2). The low frequency vibration modes look more like string modes and the higher order
modes (when the bending stiffness becomes more important) look more like beam modes. It is not only interesting but also
important from the applicational point ofview to investigate such phenomena of transients “from string to beam” behavior.
In Ref. [4] the effect of bending stiffness on higher order modes was discussed. In recent papers [5-7] the following
attempts to describe these phenomena can be found. When the belt speed is high and has the same order of magnitude as
the wave speed c (that is, V(T) = V + ¢&sin(@T)) a case has been studied in Ref. [5] for which the bending stiffness is of
order ¢ and an approximate analytical expression for the natural frequency and stability regions has been presented. In
Ref. [6] the same assumptions have been used and boundary layer solutions have been constructed. Approximations of the
eigenvalues of the belt system with a small bending stiffness were also presented in Ref. [7]. All the authors of the
aforementioned papers found that the natural frequencies change due to the presence of a small bending stiffness, but did
not include the fact that for the higher order modes the bending stiffness terms are not of order ¢ anymore, and actually
should be included in the ¢(1)-problem. Namely, the assumption that most axially moving belt systems have small bending
stiffness relative to their tension and can be modeled as an axially moving beam with small dimensionless bending
stiffness (as it was done in Ref. [7]) is only valid for lower order vibration modes. Moreover, the natural frequencies of the
beam model (2) with V(T) = V; + &a sin(@T) cannot be found exactly (see for instance Refs. [10,11]). In this paper it will be
assumed thatV(t) = &V + @ sin(@T)). The idea how and when in this case different simplified models may be applied to
construct a more realistic model of the traveling belt system was proposed in Ref. [12]. Usually it is not possible to calculate
the natural frequencies of a real belt system exactly. The bending stiffness, however, is not important for the lower modes
of vibrations. And for the higher modes of vibration the bending stiffness terms become more important than the string
terms.

Let us assume that o is given, and that initially at T = O the first N modes are present. If N is not too large the bending
stiffness terms in the problem equation are small, and can be neglected. A string equation (see Eq. (1)) is then obtained.
The problem for the string equation, however, has a serious drawback: the truncation method cannot be applied due to the
presence of internal resonances for which all modes are interacting. And as a consequence, no good approximations of the
exact solution on a long time-scale can be found. Moreover, the resonance frequencies (which are found in this way) might
not correspond to the exact resonance frequencies. Now, there are at least three simplified models depending on the
vibration modes and the corresponding frequencies: a string model for the lower frequencies, a beam-string model (that is,
the exact model) for the intermediate frequencies, and a pure beam model for the higher frequencies. A combination of
these models can improve the results of the existing models and methods. The proposed method is based on calculating the
natural frequencies of each sub-model, and determining the relative errors in it. In this way one can define intervals of
applicability of these simplified models with a predefined, desired accuracy. It should be observed that a pure beam
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equation cannot be truncated either (see Ref. [13]), whereas for a beam-string model there is no problem with truncation.
In this paper a combination of two simplified models will be proposed: a string model for the lower frequencies, and a
string-beam model for the intermediate and the higher frequencies. It will turn out that this combination model has the
following advantages: (1) The model allows to truncate a string equation correctly. (2) The natural frequencies of the lower
vibration modes can be found more accurately, as the small bending stiffness effect has to be included as a small
perturbation into the problem.

When a string-like model is used it has been shown in Refs. [1,2] that the infinite series representation for the solution
cannot be truncated from the mathematical point of view (else one can obtain wrong internal resonances, and incorrect
modal interactions). So, using only a string-like model for which the number of modes is truncated to a finite number can
or will lead to wrong mathematical results. On the other hand, an infinite mode representation for the solution of a string-
like model is physically irrelevant since for the higher order modes the bending stiffness becomes important, and so the
beam-string-like equation has to be studied. In this paper it will be demonstrated how to work with the combined model
that is a string model at the low frequencies and a tensioned beam model at the higher frequencies, such that
mathematically and physically correct results are obtained.

The paper is organized as follows. In Section 2 the formulation of the problem will be given. The regions of applicability
of the simplified models will be determined. In Section 3 the two time-scales perturbation method will be applied to
construct approximate solutions of the problems. Values of @ that give rise to internal resonances will be presented. The
non-resonant case and some resonant cases will be studied for four different values of the relative error in Sections 4 and 5.
Stability properties of the solution will also be given in Section 5. Finally, in Section 6 some conclusions will be drawn and
some remarks will be made.

2. Formulation of the problem

In this section a new approach will be proposed to construct a model for an axially moving continuum, which includes
both string type and beam type dynamic behavior. The simplest mechanical model for a traveling belt is a simply supported
tensioned Euler-Bernoulli beam (see Fig. 1). The equation for this model is given by (see also Eq. (2))

Urr + 2VUxr 4 ViUy + (V2 7c2)uxx+%uxxxX =0. (3)
The speed of the belt is assumed to be time-varying and to be given by V(T) = &V + @ sin(@T)). The boundary conditions
and the initial conditions for Eq. (3) are given by

U(0,T; &) = UL, T: &) = Uyx(0, T; &) = Uyx(niL, T;6) = 0, T3>0,

UX,0;¢) =f(X) and Up(X,0;¢) =7(X), O0<X<mlL, (4)

where f(X) represents the initial displacement of the belt, 7(X) is the initial velocity of the belt, and where =L is the distance
between the pulleys. For simplicity it is assumed that the cross-section of the belt has a rectangular shape, so that A = hb
and I = bh® /12, where h is the thickness and b is the width of the belt cross-section, respectively (see Fig. 2). Following the
3D theory of elasticity additional conditions have to be imposed to the stretched beam equation (3), that is: nL/k>h and
b> h, where k is the mode number.

Eq. (3) in non-dimensional form becomes

Use — U + Ulxxxx = E(— 0w oSy — 2(V + o sin(t))xe) — e2(Vg + o sin(wt))> xx, (5)

where x = X/L, Vo =Vg/c, t =(c/LT, u=U/L, o = (L/c)@, o =7/c and u = El/pAc’L? = Eh?/12pc2L2. The boundary
conditions and the initial conditions for Eq. (5) are given by

u(0,t: &) = u(m, t; &) = uxx(0,t: 8) = Uxx(TT, t:6) =0, =0, (6)

ux1n

40)

\]

|

nl =1

Fig. 1. The traveling belt system.
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Fig. 2. The traveling belt configuration.

ux,0;¢) =f(x) and ui(x,0;¢€) =rx), 0<x<m, (7)

where f(x) = f(X)/L and r(x) = 7(X)/c.

As it was explained in the Introduction, the natural frequencies can usually not be calculated exactly for real problems
of traveling belts due to the presence of complicated boundary conditions, different sorts of (non-)linearities, variable
stiffness, and so on. It is not meaningless to consider only string behavior for the lower vibration modes of the belt (when
the influence of bending stiffness is very small and can be neglected in the ()(1)-problem), and the following approach
shows how one can define the regions of applicability. Let us first consider the equation:

Ugr — Uxx + Ulxxxx = 0, (8)

subjected to the boundary conditions (6). The parameter u (as defined in Eq. (5)) is usually a small parameter for belt
systems. To determine the natural frequencies of this problem the method of separation of variables can be used, giving as
non-trivial solutions for k =1,2,3,...:

el%! sin(kx), (9)

where i = +/—1, and

Q= ky/ 1+ uk®. (10)

Eq. (10) gives us exact natural frequencies for Eq. (8) subjected to the boundary conditions (6). For the string model
(i.e. Eq. (8) without bending stiffness) and for the beam model (i.e. Eq. (8) without string effect) the natural frequencies also
can be found, so that

Q?{” =k for the string model,

Q;(Z) =k\/1+ uk® for the stretched beam model, and

Qf) = Iczﬁ for the beam model. (11)

It is possible now to find intervals of applicability of these simplified models (for k), based on the natural frequencies (11),
with a desired or required accuracy. In Table 1 these regions for k are given (where the simplified models, i.e. the string
model and the beam model, can be used) for u equal to 0.0001, 0.002, 0.01, and 0.1, and with relative errors of at most 0.1%,
1%, 3%, and 5% in the frequencies, respectively.

Let us consider a real moving belt, fabricated from rubber, with the following mechanical properties: E = 1.8 GPa,
p=15gcm3,h=08cm,[=100m, Ty = 5Nmm~!, and b <3000 mm. This implies that x = 0.002. From Table 1 it can be
seen that with a relative error of 5% in the frequencies the following model can be derived (the original initial-boundary
value problem for Eq. (5) can now be split up by assuming that u(x, t) = 232 ; u(t) sin(kx)):

For 1<k<7—the string model:

Uge — Uy = &(—0t cOS(WHUy — 2(V + o SIN(@8))Uxr — €1 Uxxxx) — 82V + o Sin(wt))?uxx, (12)

where it is assumed in Eq. (12) that puxxxx = (), so that ptlxxxx = £C1 Uxxxx-
For 8 <k<68—the beam with string effect model:

Ut — Uxx + Ulxxxx = &(—ow cos(wt)uy — 2(Vg + o sin(wt))uy) — 82(V0 4o sin(wt))zuxx, (13)

where it should be observed that the terms in the left-hand side of Eq. (13) are of leading order, and are of the same order of
magnitude.
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Table 1
Applicability regions for the simplified models: string, beam with string effect, and beam equations.

Rel. error; model u

0.0001 0.002 0.01 0.1
String 1<k<4 k=1 - -
0.1%; 5<k<2234 2<k<691 1<k<223 1<k<70
string—beam
Beam 2235<k<oo 692 <k<oo 224<k<oo 71<k<oo
String 1<k<14 1<k<3 k=1 -
1%; string-beam 15<k<702 4<k<161 2<k<70 1<k<23
Beam 703<k<oo 162<k<oo 71<k<oo 24<k<oo
String 1<k<25 1<k<5 1<k<2 -
3%; string—beam 26<k<399 6<k<89 3<k<39 1<k<12
Beam 400<k<oo 90<k<oo 40<k<oco 13<k<oo
String 1<k<32 1<k<7 1<k<3 k=1
5%; string—beam 33<k<304 8<k<68 4<k<30 2<k<9
Beam 305<k<oco 69<k<oo 31<k<oo 10<k<oo

For 69 <k <oco—the beam model:
Ugt + Ullxxxx = £<—cm) cos(wt)ux — 2(Vg + o sin(wt))uxs + %uxx> — 82(V0 + o sin(wt))?uxx, (14)

where it should be observed that the terms in the left-hand side of Eq. (14) are at least an order of magnitude larger than
those terms in the right-hand side of Eq. (14).

As it was shown in Ref. [1] the truncation method cannot be applied to the string equation (12), but for the beam with
string effect equation (13) the method can be applied (see Ref. [3]) when the internal resonances are taken into account. In
Ref. [13] it was shown that the truncation method also cannot be applied to the beam equation (14) when one wants
to obtain accurate approximations of the solution on long time-scale. Based on these observations it is assumed now for
simplicity that the original problem (5) is split up into two models: for 1<k<7—the string model (12), and for
8 <k <oo—the beam with string effect model (13). It was shown in Ref. [3] that by substituting u(x, t) = >-5° ; un(t; &) sin(nx)
into Eq. (5), by multiplying both sides of the so-obtained equation with sin(kx), and then by integrating with respect to x
from x = 0 to x = 7 it follows that

OO*
it + (uk® + kK yuy = ¢ > o kn (4o cos(wt)un + 8(Vg + a sin(wt))itn) + O(e2), (15)
n=1(M

= (n2 — k)

where the * in Y ;%% indicates that the summation is only carried out for n+k is odd. For t =0 u(t) satisfies:
u,(0;¢) =2/Ln f(’f f(x)sin(kx)dx, and u,(0;¢) =2/cn fg r(x)sin(kx) dx. In the next section a two time-scales perturbation
method will be applied to approximate the solution of Eq. (15).

3. Application of the two time-scales perturbation method

To avoid secular terms in the approximate solution of Egs. (5) and (15) a two time-scales perturbation method is used.
The two new time scales are ty =t and t; = &t, implying that uy(t; &) = vi(tg, t1;€). The following transformations are
needed for the time derivatives:

duk _ al/k gavk

ot %
dzuk szk 62vk zazvk
a2 o " Horon T e (10)

It is assumed that vy = vyg + &vyy + - -+, and vy(to, t};s) = vjcl)(to, t1;€) for 1<k<7 (i.e. the time behavior is mainly
determined by the string model), and v, (g, t1; &) = v}(z (tg,tq;€) for 8<k<oo (i.e. the time behavior is mainly determined
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by the beam with string effect model). So that, in fact there are two sets of (1) problems, two sets of (’(¢) problems, and
so on. By substituting Eq. (16) into Eq. (15), by substituting the expansion for v, into Eq. (15), and by taking together terms
of equal powers in & for v}’ and v it follows that for 1<k<7:

(1)
oy - o*v o 2,0 _ g
at ]{0 ’

0

2. (1)

(1) 621%) 2.(1) _ Vo KAy (1) L(])
(e .
O\ : 2 +k7vy,; 26t ot kv + E <( o ———5—4wo cos(wt)v, g )

OOk kn . av(z)
+> <724a)oc cos(cot)vglzo) at’z)o , (17)

=g \(n? — k*)m
and for 8<k<oo:
2.2

o“v
O : 5 ¢ Yo + (kK + pk )v(2) 0,
5

@, 2% §<21) 2 @ _ 00 O (_ kn g
O(e) + (k* + K Wi = —2 + —4woccos(wt)v
ot3 # Oto0ty Z ((n2 K)m Otg )

+3° Hwa cos(wr)v (18)
n=8 (n2 — )

Eq. (17) represents the time behavior of the main equation (5) for the first seven modes with small bending stiffness terms.
The second sum in Eq. (17) represents the influence of the beam with string effect model (i.e. the influence of the higher
order modes (k>8) on the lower order modes (k<8)). In the first sum in Eq. (18) there still is the influence of the string
modes on the higher order modes. So, there is an interaction between the two models. In Eq. (18) the bending stiffness
terms are now of leading order. The solution of the ¢(1)(D-problem is given by

Vi = Apo(t) sin(@Vto) + Byo(t1) cos(@Vtg),  k=1,2,....7. (19)
The solution of the ¢(1)®-problem is given by
V2 = Ao(t1) sin(@Pto) + Brg(ty) cos(@P'tg), k=8.9,... . (20)

In Egs. (19) and (20) Q(]) and 52;{2) are given by Eq. (11). Ayg(t1) and Byq(t1) are still arbitrary functions and can be used
to avoid secular terms m the solutions of the @(g)V-problem and the ©(g)?-problem. The ()1 equation now becomes
(fork=1,2,...,7)

2 ( )
D)2y _ (1) (PAo o) (D
ar2 +(Q )Yv —2Q <6t1 cos(L2, 'to) — sm(Q )
— c1k* (Ar(t1) sin(2}t0) + Big(£1) cos(2}, to))
Tx
+> {(2kk2)4a)oc cos(@t)Ang(ty) sin(@Wto) + Bpo(t1) cos(@Ptg)
n=1 (N

+8(Vo + asin(@) Q4 (Ano(t1) cos(Qy tg) — Bro(ty) sin(Q%”to»}
iy kn 2) (2)
+> W%xx cos(@wb)Ano(ty) sin(QPtg) + Buo(ty) cos(Qtg)
n=8 L1

+8(Vo + o sin(@t) QP (Ano(t1) cos(@Ftg) — Byo(tr) sin(sz%”to»}. (21)
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and the ((¢)® equation is given by (for k = 8,9,...)

2(2

Vi (2)\2,,2) _ 2) aAkO 2) )
atg + @) = 29 <6t cos(@;to) — ot sm(Q £ ))
7 kn ) :
+> {(2—k24w“ cos(@t)Ang(ty) SIN(QY tg) + Byo(ty) cos(2f to)
n=1 (N m

+8(Vo + asin(@) 2 (Ano(ty) cos(2 to) — Byo(ty) Siﬂ(Q(nl)fo))}

oo
+> {(21—’{2)4wrx cos(WDAo(t1) sin(@?to) + Bpo(t) cos(@Ptg)
n=8 ({1
+ 8(Vg + asin(wit) QP (Ano(t1 ) cos(QPto) — Bro(ty) sin(fo)to)> } (22)

From Egs. (21) and (22) it can readily be seen that there are infinitely many values of o that can give rise to internal
resonances. In fact these values are (in an ((¢) neighborhood of)

i) o+ =+QV fornk=1.2....7,

(11)coj:Q(2) Q(l) fork=1,2,...,7, and n=38,9, ...,

(i) 0 £ Q) = 0P forn=1,2,....7, and k=8.9,...,

(ivyo+£0Q? =+0? forn=8,9,..., and k=8,9,... . (23)
n k

For all resonant cases (i)-(iv) the additional condition that k & n is an odd number, still holds due to summation in Eq. (15).
By interchanging n and k, the resonant case (ii) (derived out of the ©(¢)(-problem) becomes the resonant case (iii) (derived
out of the ©(¢)®-problem). The resonant case (i) is a resonance condition for the string equation, and has been investigated
in Ref. [1]. The resonant case (iv) is a resonance condition for the beam with string effect equation. The solutions and
stability conditions for this case can be found in Ref. [3]. Due to the interactions of these two models the model as proposed
here has additional resonance conditions (ii) and (iii), where w might be the sum or difference of one natural frequency of
the string and one natural frequency of the beam with string effect. It is also necessary to investigate additionally if w in the
resonant case (i) also satisfies the cases (ii), (iii), and (iv), and vice versa. In the following section u and ¢ will be taken equal
to 0.002 and 0.01, respectively, and the initial value problem for Eq. (15) will be studied for different values of the relative
error (in the frequencies) and for different values of w.

4. Application of the method with a relative error of 5%

In this section the non-resonant and some resonant cases will be studied when the relative error in the frequencies is at
most 5%.

4.1. The non-resonant case

In this case it is assumed that the frequency w of the velocity-fluctuations of the axially moving continuum is not equal
to any combination of the resonance frequencies as listed in Eq. (23). To eliminate the secular terms in the solution of the
0(e)V-problem and the ((g)®-problem it follows that A and By, have to satisfy

dAkO _C] kBB
dt; 2 ko (24)
dBkO Clk
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for 1<k<7, and where cq is given by u = cy¢, and

dAkO _

dey — 0 Apo(t1) = Ap(0), (25)
dByo _ Byo(t1) = Byo(0),

dtq

for 8<k<oc. In this case system (24) can be seen as some sort of correction on the slow time (t; ) behavior of the solution in
the first seven vibration modes due to the presence of the small bending stiffness term in the ¢(¢)(V-problem. In fact it can
be seen as a correction on the frequencies of the oscillation modes for 1<k<7 since the solution of Eq. (24) is given by

3 3
Ako(t]) = Klk Ccos (C]zkt1> - sz sin <Clzkt1> 5

[y 1k
Bjo(t1) = Kqj sin <1Zt]> + Ky, cos <]2t1 >

for 1<k<7, and where Ky;, and K5, are all constant of integration. From the initial conditions (7) it follows that

(26)

fx) = 3 ug(0; &) sin(kx) < u;(0;¢) :E/nf(x) sin(kx) dx,
=1 TJo

r(x) = i U (0; &) sin(kx) < i (0;¢) = z/7Z r(x) sin(kx) dx.
k=1 TJo

Moreover, since u(0; &) = v(0,0; &) = V4g(0,0; &) + &1 (0,0; &) + £2v,5(0,0; &) + - - -, and i1,(0; &) = 1,(0, 0; &) = (0,0; &) +
1(0,0; &) + £21/5(0,0; &) + - - - it follows that

v(0;8) = %/Onf(x) sin(kx)dx and 1,(0;¢) = %/On r(x) sin(kx) dx. (27)

From Egs. (19), (20) and (27) the following condition for A;4(0) and Byy(0) can be obtained:

Apo(0) = 27’( / ” r(x) sin(kx) dx,
0

2 (7 .
Bko(0)=;/0 fx) sin(kx) dx. (28)

All constants of integration in Eq. (26) can now be found using Eq. (28). The solution v}{})) can now be obtained for 1<k<7,
that is

Vi = Ao(0) sin(k(tg + 0.1k3t1)) + Byo(0) cos(kito + 0.1k3¢1)). (29)

The solution ”§<20) for k = 8,9, ... can now also be found, using Egs. (20) and (25):

V{2 = Ao(0)sin(ky/ 1 + 0.002k%tg) + Byo(0) cos(ky/ 1 + 0.002k>t). (30)
From Eq. (29) it follows that k(ty + 0.1k t) = (k+ 0.001k3)t, so the frequencies for the first seven modes are approximated
by k +0.001k>. Observing Eq. (30) the frequency of the higher modes is ky/1 +0.002k. The exact frequencies for
k=1,...,7 are also given by ky/1 + 0.002k%. The difference between the exact and the approximated frequencies are
|k+0.001k3 —ky/1 +0.002k2\<0.008 for 1<k<7. This means that due to the application of the two time-scales

perturbation method there is a slow time t; correction in the string model frequency which represents the effect of the
small bending stiffness for the lower oscillation modes with 1<k<7.

4.2. Some resonant cases

The following resonant cases will be investigated:

w=m* (where m* is equal to 1,3,5 or 7),
W= 9(92’ - ng) (a difference type of resonance),

w= Q(ll) - Qg) (an additional difference type of resonance),
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W= Qg) + Qg) (a sum type of resonance),
W= Q(ll) + Qg) (an additional sum type of resonance),
= 9(71) - ng’ (an additional difference type of resonance),
w= 9(71) + Qg) (an additional sum type of resonance), and

W= 29;2) (usually referred to as a principal parametric resonance). (31)

4.2.1. The resonant case w = m*, where m* is equal to 1, 3, 5 or 7

First, the case w = m* = 1 (the first “string” resonant frequency) will be studied. It was shown in Ref. [1] that the case (i)
in Eq. (23),i.e. 0 + 9511) = iQ}{”, withn,k=1,2,...,7,and w = 1 has solutions: k = n+ 1 and k = n — 1. Additionally it has
to be checked whether the resonance conditions (ii)-(iv) in Eq. (23) also have solutions if w = 1 or not. It can readily be
verified that there are no such k and n. Therefore, in order to eliminate secular terms in the solution of the ¢(g)V-problem
(see Eq. (21)) Ao and By for 1<k<7 have to satisfy

dA k3 o o
dr =~ Bro = k= DBno = 7k + Do,

3 (32)
dBkO _ Cq k

it —5 Ao+ %(k = DAg—1y0 + %(k + DAg+1)0
and the other Ay, and B functions with 8 <k< oo, derived from the ¢/(¢)®-problem (22), satisfy the same equations as for
the non-resonant case (see Eq. (25)). It is clear from system (32), and from system (25), that there are interactions between
the first eight modes. For the higher order vibration modes (i.e. for the 9th vibration mode and higher) there are no such
interactions. Therefore there is no problem with applying the truncation method as it was in Ref. [1] for a string model
(without bending stiffness). For the case w = m* it is assumed that m* is equal to 3, 5, or 7 (w = m* is a resonance
frequency from the string model). Following the same procedure as for the case w = 1, the following equations for Ay and
By can be found:

dAg _ _aik’p  atk—mH@k—2m* + 1), ke my2k o+ 2m* ~ 1),
de; — 2m= K0 T q m*(2k — m*) (k=m0 ~ 7 m* 2k + m*) (k-+m*)0> )
dByo _ 1 k34 4 Wk —mI@2k - 2m* + 1) , L wk+mHQk 4 2m* — 1)

dey — 2m* KT n m*(2k — m*) “Hk=m*)0 T m*(2k + m*) Ak+m*)0>

for 1<k<7 (where A, and Byg are assumed to be zero for k<0). For the higher order modes (8 <k <o) system (25) still
holds. It can be seen from Egs. (33) and (25) that there are interactions between the first (7 + m*) modes. For the higher
order modes there are no interactions.

To check the stability of the solution the following approach can be used. From Eqgs. (32) and (33) it follows that, in
general, the equation X = MX has to be solved, where the vector X contains the unknown functions Ayg(t1) and Byg(t1), and
where M is a corresponding square matrix of the size (7+m*) with constant elements. The eigenvalues of the matrix M
define the stability properties of the system. It turns out that for all m* (that is, for m* = 1,3,5,and 7) all eigenvalues of
matrix M are purely imaginary or zeros, and that all solutions are bounded and stable in this case.

4.2.2. The resonant case o = ng) - Qg): a difference type of resonance
One of the difference type of resonances of the stretched beam model (see case (iv) of Eq. (23)) will be studied in this

subsection. The frequency of the belt velocity fluctuations w is assumed to be equal to ng) — Qéz). The equation w + 9512) = iQf)
for n=28,9,... and k =8,9,... has only trivial solutions for n =8 and k =9 if w + lez) = Qf), and n=9 and k =8 if w +
Q%z) = Q}{z) (detailed calculations to prove this can be found in Ref. [3]). Additionally it has to be checked whether the resonance

conditions (i)-(iii) in Eq. (23) also have solutions if w = ng) - Qg) or not. It can be verified that there are no such k and n.
Therefore, in order to eliminate secular terms in the solution of the (’(¢)®-problem (see Eq. (22)) Ay and By have to satisfy:

dAs’o _ 720 9(92) + Q(Sz)
dtp — 17m\ @ 2.0-

dBS,O _ @ .ng) + 9(82)
dty 177\ @ 2.0
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and

dAg,()_ 720 Q(92)+Q(82)
dp = 17m\ @ 8,0:

dBQ,O _ 72705 9(92) + Q(Sz) A
diy —17n\ @ 8,0-

(34)

It can be seen from Eq. (34) that there are interactions between the 8th and the 9th vibration modes. In order to avoid
secular terms in the solutions of the ¢(g)) and ¢(g)® -problems if » = ng) - Q(Sz) the following results were found. For
vibration modes with 1<k<7 A;g and By are still given by Eq. (24). This can be seen as an influence of the small bending

stiffness term in the ((¢)"-problem. For the 8th and the 9th vibration modes A;q and By have to satisfy Eq. (34). And for
the higher order vibration modes with 10<k <oco Ayg and By have to satisfy Eq. (25). To check the stability the eigenvalues
of the corresponding matrix M have to be calculated. It turns out that all eigenvalues are purely imaginary or zeros, and
that all solutions in this case are bounded and stable.

4.2.3. The resonant case w = Q(]]) - ng): an additional difference type of resonance
One of the additional difference type of resonances of the string—-beam model (see case (ii) of Eq. (23)) will be studied in

this subsection. The frequency of the belt velocity fluctuations  is assumed to be equal to Q(ll) - Qg). The equation
w =+ Qf) = iQ}{l) forn=38,9,...and k=1,2,...7 has only a trivial solution for n = 8 and k = 1. Additionally it has to be
checked whether the resonance conditions (i), (iii) and (iv) in Eq. (23) also have solutions if w = Q(ll) - Qg) or not. It turns
out that there is one solution in case (iii) (see Eq. (23)): the equation w + Qg) = j:Q;(z) fork=28,9,...andn=1,2,...7 has
asolutionn=1and k=8 if v — fo) = —Qf’. Therefore, in order to eliminate secular terms in the solution of the ¢(g)(V
and 0(&)@-problems (see Eqgs. (21) and (22)) Ay and By have to satisfy

dA],O _ C1 8u (Q(]l) + 9(82)> 50

dt; — 29(11)81’04—@ Q(]U
dBio _ ¢ 8 (9 + Q)
dt; ~ 20D 107 63x QP 8.0

and

dAso 8o (Q(11)+Q§2)> N

dt; ~ 63n Q@

(35)
ng,O _ 8o le]) + 9(82)
de; 63n| Q@ 1.0-

It can be seen from Eq. (35) that there are interactions between the 1st and the 8th vibration modes. In order to avoid
secular terms in the solutions of the ¢(e)! and ¢(¢)®-problems if o = Q(ll) - ng) the following results were found.

For the 1st vibration mode (with k=1) A,y and By are given by the first system of Eq. (35). For the vibration
modes with 2<k<7 Ay and By, are still given by Eq. (24). For the 8th vibration mode (with k = 8) A,g and By, are
given by the second system of Eq. (35). And for the higher order vibration modes with 9 <k<oo Ay and By have to satisfy
Eq. (25).

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that all
eigenvalues are purely imaginary or zeros, and that all solutions in this case are bounded and stable.

4.2.4. The resonant case w = Q(gz) + Q(sz): a sum type of resonance
One of the sum type of resonances of the stretched beam model (see case (iv) of Eq. (23)) will be studied in this

subsection. The frequency of the belt velocity fluctuations w is equal to ng) + Qg). The equation w + 95,2) = j:Q;f) for
n=238,9,...and k = 8,9,... has only trivial solutions for n = 8 and k = 9, and symmetrically n =9 and k = 8 if v — 9512) =
Q;{z) (detailed calculations to prove this can be found in Ref. [3]). Additionally it has to be checked whether the resonance
conditions (i)-(iii) in Eq. (23) also have solutions or not if o = Qg) +Q§32). It can be verified that there are no such

k and n. Therefore, in order to eliminate secular terms in the solution of the ¢(g)®-problem (see Eq. (22)) Ay and By have
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to satisfy
dAgo _ 720 (9 97\ o
dty 17z @ 9.0°
dBgo _ 720 o’ - ag A
dt; ~ 17n @ 9,0
and

2 2
dAgp _ 72 <Q§ ' o _)> B
8,0

dt; — 17n o

(36)
dBoo _ 72x oy’ - ag A
dty ~ 17n @ 8.0

It can be seen from Eq. (36) that there are interactions between the 8th and the 9th vibration modes. In order to avoid

secular terms in the solutions of the ©(e)1 and (¢(g)®-problems if o = 9(92) + Qg) the following results were found. For
the vibration modes with 1<k<7 Ay and By still have to satisfy Eq. (24). This can be seen as an influence of the small

bending stiffness term in the ©(g)(V-problem. For the 8th and the 9th vibration modes Ayo and By have to satisfy Eq. (36).
And for the higher order vibration modes with 10<k<oo Ayg and By have to satisfy Eq. (25).

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that some of the
eigenvalues have positive real parts, and that some of the solutions in this case are unstable.

4.2.5. The resonant case o = Q(]l) + Qg): an additional sum type of resonance
One of the additional sum type of resonances of the string-beam model (see case (ii) of Eq. (23)) will be studied in this

subsection. The frequency of the belt velocity fluctuations w is assumed to be equal to Q(ll) + 9(82). The equation w + Qﬁf) =
j:Q}:) forn=38,9,...and k =1,2,...7 has only a trivial solution forn =8 and k = 1 if v — Q%z) = Q;{l). Additionally it has to
be checked whether the resonance conditions (i), (iii) and (iv) in Eq. (23) also have solutions if w = 9(11) + Qg) or not. It
turns out that there is one solution in case (iii) case (see Eq. (23)): the equation w + Qg) = j:Qf) for k=8.,9,... and
n=1,2,...7hasasolutionn=1and k=8 if w — Qg) = Qf) Therefore, in order to eliminate secular terms in the solution
of the ()" and ((e)®-problems (see Egs. (21) and (22)) Ao and By have to satisfy

1 2
dAip . B 8o <Q(1)Q§)>Bgo

dt; — 200 107 63% o
dBio _ ¢, 8 (@ -9 A
di; ~ 2000 10t 537 ol 80

and

dAgy  8u <Q<11>_Q§z>> .

dt] _@ Q%Z)
(37)
1 2
dBgo _ 8o (@ —9g")
dt; ~ 63n Q@ 1,0-

It can be seen from Eqgs. (37) that there are interactions between the 1st and the 8th vibration modes. In order to avoid
secular terms in the solutions of the ©(g)» and ¢(g)®-problems if w = Q(ll) + Qg) the following results were found. For
the 1st vibration mode (with k = 1) A, and By are given by the first system of Eq. (37). For the vibration modes with
2<k<7 Ay and By still have to satisfy Eq. (24). For the 8th vibration mode (with k = 8) A,g and By have to satisfy the
second system of Eq. (37). And for the higher order vibration modes with 9<k<oo A,y and By have to satisfy Eq. (25).

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that some of the
eigenvalues have positive real parts, and that some of the solutions in this case are unstable.
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4.2.6. The resonant case w = 9(71) - Qg): an additional difference type of resonance
One of the additional difference type of resonances of the string—-beam model (see case (ii) of Eq. (23)) will be studied in

this subsection. The frequency of the belt velocity fluctuations  is assumed to be equal to 9(71) - Qg). The equation
=+ Qf) = iQ}{l) forn=38,9,...and k=1,2,...7 has only a trivial solutionn =8 and k = 7 if w + 9%2) = Q;{l). Additionally
it has to be checked whether the resonance conditions (i), (iii) and (iv) in Eq. (23) also have solutions or not if
W= Q(71) - Qg). It turns out that there is one solution in case (iii) (see Eq. (23)): the equation wng) = iQ}cz) for
k=8,9,...and n=1,2,...7 has a solution n =7 and k =8 if w — Q(n” = —Qf). Therefore, in order to eliminate secular
terms in the solution of the @(g)") and @(g)®-problems (see Eqgs. (21) and (22)) Ao and By have to satisfy

dAzo _ 12401, 562 QP+ o

dt; 200 70" 15z o 80>
dByo 12401, 560 ( Q)+

dt; ~ 200 70 7151 oP 8.0

and

dAgo 56 (Q(71> +Q;2)>
= - o 70>

dt; ~ 15=¢ Qg)

(38)
dBgg 560 Q) +QF
dp — 15m\ @ 7.0-

It can be seen from Eq. (35) that there are interactions between the 7th and the 8th vibration modes. In order to avoid
secular terms in the solutions of the ¢(g)V and ©(g)®-problems if w = Q(7” - ng) the following results were found. For
the vibration modes with 1<k<6 Ay and By still have to satisfy Eq. (24). For the 7th and 8th vibration modes (with k = 7
and 8) Ay and By have to satisfy Eq. (38). And for the higher order vibration modes with 9<k<oo Ay and By have to
satisfy Eq. (25).

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that all
eigenvalues are purely imaginary or zeros, and that all solutions in this case are bounded and stable.

4.2.7. The resonant case w = 9(7]) + Qg): an additional sum type of resonance
One of the additional sum type of resonances of the string—beam model (see case (ii) of Eq. (23)) will be studied in this

subsection. The frequency of the belt velocity fluctuations w is assumed to be equal to 9(7]) + Qg). The equation w + 922) =
iQE{l) forn=38,9,...and k =1,2,...7 has only a trivial solutionn =8 and k =7 if v — QLZ) = Q;{”. Additionally it has to be
checked whether the resonance conditions (i), (iii) and (iv) in Eq. (23) also have any solutions if w = 9(7]) + 9(82) or not. It
turns out that there is one solution in case (iii) (see Eq. (23)): the equation w + 99’ = iQ}cz) for k=8,9,...and n=
1,2,...7 has a solutionn=7 and k=8 if w — Qg) = Q;(Z). It was also found for the case (iv) of Eq. (23) that n = 20 and
k=27ifw+ Qﬁ,z) = Q;{Z) andn=27and k=20ifw — Q,(qz) = —Q;{Z) then | + Q,(qz) + Q;{2)| = 0.0012 <e&. This can be seen as

a detuning case if w = 9(71) + Qg). Therefore, in order to eliminate secular terms in the solution of the ¢(¢)( and O(¢)?-
problems (see Egs. (21) and (22)) Ay and By have to satisfy

dA79 ;2401 560 [ Q) — Q)

dt; — B 29(71) 70+ 157 Q(71) 8.0>
dByo _ 2401, 560 () — 2

ey~ 200 70T 151 P 8.0

and

dAS,O _ ﬂ 9(7]) — Q(Sz) B
dty —15m\ Q@ 7.0-

dBgo 560 (2 — @
dty 157\ @ 7,0-



S.V. Ponomareva, W.T. van Horssen / Journal of Sound and Vibration 325 (2009) 959-973 971

and, additionally,

dAyoo _ 5400 (QF) + Q5 B
d, ~ 320m\ o2 27,0,

dByop 5400 o) + oy A
dr, ~3207\ 0@ 270

and

dAy70 5400 of) + o5
d; 3297\ Q@) 200-

2 2
dBy7o _ 5402 (QF) + Q5 |
dty 3297\ @ 200

It can be seen from Egs. (39) and (40) that there are interactions between the 7th and the 8th, and the 20th and the 27th
vibration modes, respectively. In order to avoid secular terms in the solutions of the ¢(g)V) and ((g)®-problems if w =

Q(71) + ng’ the following results were found. For the vibration modes with 1<k<6 Apy and By, are still given by
Eq. (24). For the 7th and 8th vibration modes (with k = 7 and 8) A, and B, are given by Eq. (39). For the vibration modes with
9<k<19 and 21<k<26 Ay and By still have to satisfy Eq. (25). For the 20th and 27th vibration modes (with k = 20 and 27)
Ay and By have to satisfy Eq. (40). And for the higher order vibration modes with 28 <k < oo Ay and By have to satisfy Eq. (25).

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that some of the
eigenvalues have positive real parts, and that some of the solutions in this case are unstable.

4.2.8. The resonant case o = 29&2): a principal parametric resonance

One of the principal parametric resonances of the stretched beam model will be studied in this subsection. The
frequency of the belt velocity fluctuations w is assumed to be equal to 29(82). The equation @ + Q%Z) = iQf{z) forn=38,9,...
and k = 8,9, ... has no solutions. Additionally it has to be checked whether the resonance conditions (i)-(iii) in Eq. (23) also
have solutions or not if w = 2!2;2). It can be verified that there are no such k and n. Therefore, in order to eliminate secular
terms in the solution of the ¢(e)V and ¢(¢)V-problems (see Egs. (21) and (22)) Ay and By have to satisfy (the same as for
the non-resonant case): Eq. (32) for 1<k<7 and Eq. (33) for 8<<k<oc. It has already been shown in Ref. [3] that in case of
principal parametric resonance the possibility to have solutions (interactions between vibration modes) for the case (iv) of
Eq. (23) depends on the value of p. It turns out here that in the particular case ¢ = 0.002 (as it was fixed in the beginning)
= 29;2) is not a resonance frequency.

To check the stability the eigenvalues of the corresponding matrix M have to be calculated. It turns out that all
eigenvalues are purely imaginary or zeros, and that all solutions in this case are bounded and stable.

5. Application of the method with a relative error of 3%, 1%, and 0.1%

The analysis as given in the previous section (when the relative errors in the frequencies are at most 5%) can be repeated
for the cases when the relative errors in the frequencies are at most 3%, or 1%, or 0.1%. The detailed computations will be

Table 2
Stability properties of the solutions.

Frequency w Relative error
5% 3% 1% 0.1% Exact 0% (see Ref. [3])
w =m*,
m* =1,3,5 and 7 Stable Stable Stable Stable Stable
o= 9(92) _ 9532) Stable Stable Stable Stable Stable
o= Q(]U _ Qg) Stable Stable Stable Stable Stable
= ng + 9(82) Unstable Unstable Unstable Unstable Unstable
o= Q(]D + QEZ) Unstable Unstable Unstable Unstable Unstable
o= 9(71) _ Qg) Stable Stable Stable Stable Stable
o= Q(71) + Qg) Unstable Stable Stable Stable Stable

o= 2922) Stable Stable Stable Stable Stable
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omitted in this paper, but can be found in Ref. [15]. The stability properties of the solutions when the relative errors in the
frequencies are at most 5%, 3%, 1%, or 0.1%, as well as the exact stability properties (i.e. the relative error is 0%) are given in
Table 2.

To verify the method which was proposed in this paper the following approach will be used. Stability properties of
the solutions which were derived will be compared with the stability properties of the exact solution of problem (5)
(the correct properties can be found in Ref. [3]). It can be seen from Table 2 that the stability properties remain the same for
almost all these cases, and correspond to the stability properties of the exact solution of the problem. For the case
W= Q(71) + Qg) (see Table 2) and relative error of at most 5% the solution is unstable. On the other hand, for the same
frequency w but with a better accuracy (relative error of 3%, 1%, and 0.1%) the solution is stable, which correszponds
also to the exact solution of the problem. This difference occurs because the resonance frequency w = 9(71) + Qg) was
derived from the combination of the string model and the stretched beam model. For the case of a relative error of 5%
(see Section 4) the value Q(71) is still in the region of the string model. For the other cases the region of the string model is
smaller, so that this combination is not a resonance frequency anymore. It can also be seen from Table 2 that difference type
of resonances are stable and sum type or resonances are unstable. This behavior corresponds with the stability properties
of the exact solution which was found in Ref. [3].

6. Conclusions and remarks

In this paper an initial-boundary value problem for a linear equation, describing an axially moving stretched
beam has been studied. This equation can be used as a model for the transversal vibrations of a conveyor belt system. The
axially moving belt is assumed to move in one direction with a non-constant speed V(t), that is, V(t) = &V + a sin(wt)),
where 0<¢<1, and where V(, o« and w are positive constants. For V it is assumed that V3 >0 and V> |x|. A new model
approach describing the transient “from string to beam” behavior, based on the calculations of the natural frequencies has
been proposed. The influence of the bending stiffness on the stability properties of the solution of the problem has been
studied.

Depending on the natural frequencies the original problem is split up into two sub-models: a string model for the lower
frequencies and a stretched beam model for the higher frequencies. Each sub-model has its own physical and mathematical
properties. For the string model, for instance, the discussion on the applicability of the truncation method is not
(mathematically) relevant anymore (see also Ref. [1]). In this combination model the sub-models are interacting due to
internal resonances, and the model equations depend on the frequencies and on the vibration mode numbers. The
proposed model is a more realistic approach to describe the dynamical behavior of a traveling continuum as the bending
stiffness becomes more important for the higher order vibration modes. For the lower frequencies the bending stiffness can
be neglected and the string equation can be used. The regions of applicability of the simplified models were found for
different values of the bending stiffness parameter and for different values of the relative errors in the frequencies. It turns
out that there are infinitely many values of w that give rise to internal resonances in the axially moving belt system. In fact,
that happens when w is equal to any sum or difference combination of the natural frequencies of the string and (or) the
stretched beam equations. In the non-resonant case it can clearly be seen that for the lower frequencies (when the string
model is used) the perturbation approach leads to improvements in the frequencies taking into account the small bending
stiffness. The formal approximations of the solution and the stability properties in some resonant cases have been
determined for four different values of the relative error in the frequencies: 5%, 3%, 1% and 0.1%. It can be concluded that the
properties of the studied problem remain the same and correspond to the properties of the exact solution of the problem
(5) when the relative errors in the frequencies are less than 5%.

An important implication of the results as presented in the literature (see, for instance Refs. [1-3]) is that for these types
of problems the use of only string-like models is not appropriate. To describe the dynamics of these types of conveyor belt
problems correctly one has to include bending stiffness in the model (also when the bending stiffness is assumed to be
small). In this paper it has explicitly been shown how one should work with a combined model that is a string model at the
low frequencies and a tensioned beam model at the higher frequencies.

It has also to be noticed that the introduction of a damping term does not solve the truncation problem for
the string-like equation (1), at least if the damping is assumed to be small and of order ¢ The viscous damping
or the structural damping can be taken into account for the partial differential equations (1) and (2), leading to the
appearance of extra terms in these equations: u; + Vi, Uy + Vilxxx, OF Uxxx + Vilxxxxx, respectively (for the moving frame
of reference). If the damping in the problem is assumed to be small, that is of order ¢ then after applying the two
time-scales perturbation method to the equations, terms u; + Vuyx, Ugx + Vixxx, OF Umxxxx + Vilxxxxx Will appear. At high
frequencies the structural damping terms cannot be considered to be small. The solutions of the ((1)-problems still
cannot be truncated in these cases and still has to be written in an infinite series representation from the mathematical
point of view.

For future research it will be interesting to study more complicated cases for the transversal and longitudinal motions of
axially moving beams, including those cases for which the boundary conditions are such that energy inflow or outflow is
possible through these boundaries. Numerical results (based on spectral element methods) for these type of problems can
already be found in [16,17].
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